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A theoretical treatment of the time-dependent potential response of ion-selective electrodes to sample solutions containing primary
and interfering ions is presented. The theory accounts for the inﬂuence of ion ﬂuxes in the electrode membrane and the contacting aque-
ous sample layer and describes the variations in the apparent selectivity behavior as a function of the measuring time. The applicability of
the theory is demonstrated by comparing predicted response curves with results of virtual experiments based on computer simulation. A
close and convincing agreement was achieved for a large series of diﬀerent examples, which conﬁrms that the new theory can be success-
fully applied for general cases.
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For conventional polymeric membrane ion-selective
electrodes (ISEs) time-dependent processes in the mem-
brane phase are negligible when the electrodes are used in
samples containing only the primary ions at concentrations
above 106 M. A prerequisite is that the membrane has
been preconditioned with primary ions on the sample side,
and that the inner solution contains the same ions at a suf-
ﬁciently high concentration [1]. Transmembrane ion ﬂuxes
are, however, highly relevant at lower sample concentra-
tions, especially in the presence of interfering ions [2–5].
The recent spectacular improvement of the lower detection
limit of ISEs by orders of magnitude relies on the reduction
of such ﬂuxes [6,7]. Measurements of sample concentra-
tions in the sub-micromolar range require a careful design
of the membrane, the inner solution, and the conditioning
procedure [8]. Since ion ﬂux eﬀects can be massively* Corresponding author.
E-mail address: Werner.Morf@unine.ch (W.E. Morf).reduced but never fully eliminated, time-dependent
responses may become a limiting factor in trace determina-
tions with potentiometric sensors.
In the absence of ion ﬂuxes, the response of ISEs to
mixed solutions of primary and interfering ions could be
exactly predicted on the basis of unbiased (i.e., thermody-
namic) selectivity coeﬃcients that are related to the respec-
tive ion-exchange equilibria [9,10]. This implies that the
measurements would be performed under idealized condi-
tions at which the electrode exhibits a Nicolsky-type
response to the involved ions [10]. In usual ISE practice,
however, the observed selectivity behavior often deviates
from the equilibrium characteristics, which indicates that
diﬀusion-controlled kinetic inﬂuences come into play.
More recently, various ISE applications have emerged
that speciﬁcally rely on transmembrane ion ﬂuxes. For
instance, sensors for polyions such as heparin or protamine
are based on a counter-transport mechanism, in which the
polyion of interest is depleted locally at the membrane sur-
face during the accumulation process [11]. Since the
response of these ISEs depends on the mass transport of
2the polyion to the membrane surface, the resulting slopes
of the calibration curves are signiﬁcantly larger than those
predicted from the Nernst equation. Other examples of
non-equilibrium potentiometry include so-called steptrodes
[12,13], which have an unusually high sensitivity and no
need for reference devices, as well as the monitoring of
chemical titrations with sensors that show larger potential
changes at the endpoint than would be expected from ther-
modynamic considerations [14]. Recently, it was demon-
strated that ISEs with thin liquid membranes allow it to
calibrate from inside without altering the sample solution
in any way [15,16]. Zero-current ﬂuxes in either direction
are eliminated almost instantly when the membrane-inter-
nal concentration gradient is reduced to zero by the proper
choice of the composition of the inner solution.
In recent years, this area of research has been further
extended to ISEs that are exposed to an external current
which induces an instrumentally controlled ion ﬂux across
the membrane [17–19]. Initial examples of this technique
made use of an applied current to lower the detection limit
[17,18]. More recent attempts utilized larger current densi-
ties in a multi-pulse sequence to make many of the above-
mentioned sensing principles fully reversible and therefore
more useful for analytical measurements [13,20].
It has been shown in a series of theoretical studies that
the ion selectivity behavior of ISEs may change drastically
under the inﬂuence of transmembrane ion ﬂuxes in zero-
current [3–5,21] or controlled-current experiments [19].
However, these treatments were usually restricted to
steady-state conditions for the mass transport in the
membrane phase. Hence, the results of these approaches
may be less suited for treating time-dependent response
phenomena. A recent extended theory based on a com-
bined Nernst–Planck–Poisson model for the ion ﬂuxes is
indeed capable of describing the time-dependent behavior
of ISEs [22]. On the other hand, it requires a very complex
numerical procedure to calculate the respective response
data.
In this work, a theoretical analysis of the time-depen-
dent ion-ﬂux-controlled potential response of ISEs to pri-
mary and interfering ions at zero current is presented.
The treatment is based on an approximate, but generally
useful, description of mass ﬂuxes in the membrane.
Accordingly, the results are obtained in a relatively closed
form. To document the applicability of the new theory, the
predicted time-dependent responses are compared with
results of virtual experiments performed by computer sim-
ulation. Details on the numerical simulation of ISEs by a
ﬁnite-diﬀerence procedure have been reported in a recent
contribution [23].
2. Theory
When separate-solution measurements are performed
with ISEs to determine selectivity coeﬃcients, the response
to primary ions i and to interfering ions j is usually evalu-
ated from Eqs. (1) and (2), respectively [1,9,24]:E ¼ E0i þ
RT
ziF
ln ai;aq ð1Þ
E ¼ E0i þ
RT
ziF
lnKij aj;aq
 zi=zj ð2Þ
where E is the emf, E0i is the reference potential, ai,aq and
aj,aq are the bulk activities of the respective sample solu-
tions, zi and zj are the ion charges (taken here as positive),
Kij is the selectivity coeﬃcient, and RT/F is the Nernst
factor. It is well known that these expressions are theoret-
ically justiﬁed only if an equilibrium state is reached in
both experiments [1,9,24]. This implies that the whole sys-
tem exclusively contains either ions i or j as sensed ions.
In this case, Kij is identical to the thermodynamically de-
ﬁned selectivity coeﬃcient. In reality the experiments do
often not fulﬁll the required equilibrium conditions, how-
ever, since two or even more diﬀerent species are involved
in the selectivity measurements. Accordingly, the experi-
mentally determined selectivity coeﬃcients, Kpotij [10,25],
may deviate from the thermodynamic coeﬃcients Kij. It
is therefore adequate to replace the above idealized
expressions by the following mixed-potential approach
which is based on the phase-boundary potential model
[4,9,24]:
E ¼ E0i þ
RT
ziF
ln
a0i;aq
x0i;m
ð3aÞ
E ¼ E0i þ
RT
ziF
lnKij
a0j;aq
x0j;m
 !zi=zj
ð3bÞ
x0k;m ¼ zk
C0k;m
Rtot
;
X
k
x0k;m ¼ 1 ð4; 5Þ
where a0k;aq is the activity of ions k (i or j) in the sample
boundary next to the electrode, C0k;m is the concentration
of the ions (either free or as complexes) on the membrane
surface, Rtot is the total concentration of ionic sites r (here
trapped anions) in the membrane, and x0k;m is the local
molar fraction of sites occupied by ions k. In Eq. (3) Kij
corresponds to the thermodynamic selectivity coeﬃcient
because a local equilibrium is usually established at the
interface due to fast ion-exchange kinetics. On the other
hand, deviations between bulk and boundary sample
activities as well as variations in the membrane composi-
tion still give rise to distinct phenomena of non-equilib-
rium responses.
If the ISE membrane has been freshly prepared and
symmetrically conditioned with a given ionic composition,
it contains uniform initial concentrations C0k;m (or molar
fractions x0k;mÞ of exchangeable ions k. This implies that,
prior to the actual measurement, the membrane is exposed
on the sample side to a solution that has exactly the same
composition as the inner solution. A general treatment of
the time-dependent potential response based on ﬁnite dif-
ference in time and ﬁnite element in space is available in
the literature [26]. An extension of the present approach
for asymmetrical preconditioning modes is given in the
3Appendix. A sample change at the time t = 0 then induces
concentration changes from C0k;m to C
0
k;m at the interface.
The resulting ion diﬀusion into the membrane can be
approximated by [4,27]
Jk ¼ DmdmðtÞ C
0
k;m  C0k;m
 
¼ Dm
dmðtÞ x
0
k;m  x0k;m
 
Rtot=zk ð6Þ
dmðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jDmt
p ð7Þ
x0k;m ¼ zk
C0k;m
Rtot
;
X
k
x0k;m ¼ 1 ð8; 9Þ
where Jk is the ﬂux of ions k from the interface, Dm is the
diﬀusion coeﬃcient in the membrane, assumed to be the
same for all ions k, dm is the time-dependent thickness of
the diﬀusion layer formed in the membrane, and j is a
numerical factor that ranges between the limits p and 4/p
and is averaged by the value 2 (see Appendix). Obviously,
dm must be smaller than the total membrane thickness that
becomes decisive in steady-state descriptions [4]. It should
be noted that Eqs. (6)–(9) fulﬁll the condition for zero cur-
rent,
P
kzkJ k ¼ 0.
The diﬀusion processes in the membrane phase are cou-
pled to ion ﬂuxes through the stagnant diﬀusion layer of
the sample solution, which is related to the hydrodynami-
cally controlled boundary layer [28–30]. Since diﬀusion in
the aqueous phase is much faster than in the membrane,
the steady-state assumption can be used to describe the ﬂux
of ions k through the aqueous boundary ﬁlm
Jk ¼ Dk;aqck;aqdaq
ak;aq  a0k;aq
 
ð10Þ
where Dk,aq is the diﬀusion coeﬃcient and ck,aq the activity
coeﬃcient of ions k in the sample solution, and daq is the
thickness of the aqueous ﬁlm. When combining Eqs. (6)
and (10), we immediately have
ak;aq  a0k;aq ¼ x0k;m  x0k;m
 
Dak;ex ð11Þ
Dak;exðtÞ ¼ DmdaqDk;aqdmðtÞ ck;aq
Rtot
zk
¼ qk
dm
dmðtÞ
Rtot
zk
ð12Þ
where Dak,ex is the highest possible deviation obtained be-
tween the bulk activity and the boundary activity of the
sample, as resulting from the interfacial ion-exchange pro-
cess. Evidently, this time-dependent activity increment de-
pends on the ratio qk between the ion permeability of the
membrane phase and that of the aqueous diﬀusion layerWi ¼ 0:5 ai;aq þ Kijaj;aq
  Kijx0i;m þ P ijx0j;m Daj;exh i
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:25 ai;aq þ Kijaj;aq
  Kijx0i;m þ P ijx0j;m Daj;ex 2 þ KijDaj;ex ai;aq þ P ijaj;aq 
q
ð19Þ[4], on the ratio between the total thickness dm and the dif-
fusion-layer thickness dm(t) of the membrane, and on the
ion-exchange capacity given by the total equivalentRtot/zk of ionic sites in the membrane. The maximum devi-
ation between ak and a0k is obviously obtained for x
0
k;m ¼ 1
and x0k;m ¼ 0, that is, when a membrane with zero initial
concentration of ion k is exposed to a high sample activity
of this ion.
When the boundary activity in Eq. (11) is substituted
from Eq. (3), a solution for x0k;m can be found
x0k;m ¼
ak;aq þ x0k;mDak;ex
Wi
Kik
 zk=zi þ Dak;ex ð13Þ
which holds for any ion k (also for k = i with Kik = 1). The
potential function Wi, deﬁned in Eq. (14), is ﬁnally deter-
mined from the general implicit solution in Eq. (15), which
follows from Eqs. (13), (5) and (9):
E ¼ E0i þ
RT
ziF
lnWi ð14Þ
X
k
x0k;m
Wi
Kik
 zk=zi  ak;aq
Wi
Kik
 zk=zi þ Dak;ex ¼ 0 ð15Þ
This result is formally equivalent to a relationship that was
derived earlier for the steady-state response of ISEs in the
presence of diﬀerent ions [4]. In the new approach, how-
ever, the parameters Dak,ex evidently vary with t
1/2. A re-
duced expression can be derived for cases with only two
ionic species i and j
W1þzj=zii Wzj=zii ai;aq  P ijx0j;mDaj;ex
 
ð16Þ
WiKzj=ziij aj;aq  x0i;mDaj;ex
 
 Kzj=ziij Daj;ex ai;aq þ P ijaj;aq
  ¼ 0
P ij ¼ Dai;exDaj;ex ¼
zjDj;aqci;aq
ziDi;aqcj;aq
ð17Þ
Daj;exðtÞ ¼
cj;aqRtot
ﬃﬃﬃﬃﬃﬃ
Dm
p
daq
zjDj;aq
ﬃﬃﬃﬃ
2t
p ð18Þ
where Kij is the equilibrium selectivity coeﬃcient, Pij is a
kinetic selectivity coeﬃcient given by the ratio of ion per-
meabilities in the aqueous phase, and Daj,ex is the highest
possible activity change for the ion j at the interface. Pij
is time-independent and usually approximates unity. An
explicit solution is ﬁnally obtained when the two ions have
the same charge zi = zj = 1Similar results for steady-state cases were reported earlier
[4,9,31,32]. Time-dependent responses according to Eq.
(19) are discussed in the following.
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Fig. 1. EMF-time response of an ISE to a 10-fold increase or decrease in
the activity of primary ions. The ion ﬂux through the aqueous diﬀusion
layer on the ISE was analyzed using a diﬀusion coeﬃcient of
Di,aq = 10
5 cm2 s1 and a diﬀusion layer thickness of daq = 0.0055 cm.
Data points obtained from the computer simulation are compared with
curves predicted from the exact theory [24,33,34].
43. Computer simulations
To demonstrate the applicability of the new theory, the
response curves predicted by Eq. (19) were compared with
results obtained from virtual experiments on ISEs. For
such purposes, computer simulations based on ﬁnite-diﬀer-
ence procedures were developed, as described in detail
recently [23]. The ISE membrane, assumed to be 200 lm
thick, was segmented into 19 internal elements of 10 lm
thickness and two half-elements for the boundaries. The
aqueous diﬀusion layer between membrane surface and
sample was modelled by a total of six elements, of which
the terminal one is counted as a half-element since the
properties in its center are identical to those of the bulk
solution. This made it possible to replace the diﬀerentials
in the diﬀusion equations by ﬁnite diﬀerences between the
centers of neighboring elements [23]. Accordingly, the evo-
lution of concentration and potential proﬁles and of ion
ﬂuxes could easily be analyzed in the space and time
domains, even for relatively complex cases. To this end,
the ﬂux-induced changes in the system were evaluated for
typical time steps of 1 ms, starting from a given initial state.
In the present study the ISE membrane was assumed to be
prepared and preconditioned with primary ions only, that
is, to be initially free from any interfering ions.
The same parameters were used for the calculations
based on Eq. (19) and for the computer simulations. The
exchangeable ions k in the ISE membrane were assumed
to be singly charged, and to have a diﬀusion coeﬃcient of
Dm = 10
8 cm2 s1 and a total concentration of Rtot =
0.01 M. The thickness of the aqueous diﬀusion layer was
taken as daq = 55 lm, which corresponds to experimental
conditions with fast sample ﬂow [23,29,30]. For simplicity,
a common diﬀusion coeﬃcient of Dk,aq = 10
5 cm2 s1
was chosen for all ions k, and the approximation ck,aq = 1
was used. Accordingly, the limiting selectivity coeﬃcient
in the ﬂux-controlled domain was given by Pij = 1.
4. Results and discussion
As a preliminary test, the computer simulation was
applied for performing virtual experiments on ISEs in
the absence of interfering ions j. In this case, the compo-
sition of the membrane remains constant, and mass trans-
port is restricted to the aqueous diﬀusion layer. Fig. 1
documents the emf vs. time response obtained for a 10-
fold increase and decrease in the activity of the primary
ion i, respectively. The results of these virtual experiments
are found to be in excellent agreement with curves calcu-
lated from the Markovic–Osburn theory of purely diﬀu-
sion-controlled activity changes at the electrode surface
[24,33,34]. The standard deviation between simulated
points and exact curves is only ±0.1 mV. This clearly
shows that numerical simulations are a powerful method
for ISE studies, even when the analysis involves only a
small number of ﬁnite elements (see also [23]). The data
in Fig. 1 also indicate that diﬀusion through the 55-lm-thick unstirred layer is completed within a few seconds.
Hence, the theoretical description given in Section 2 can
be applied as a good approximation without the need
for any time corrections resulting from this diﬀusion-time
delay.
The time-dependent selectivity behavior of ISEs is inves-
tigated extensively in the following. For this purpose,
potential responses to diﬀerent interfering ions j were calcu-
lated from Eqs. (14) and (19) and compared with the results
of virtual experiments by computer simulation. It was a
basic assumption concerning the experimental procedure
that the ISE membrane was prepared and preconditioned
with primary ions i only. This idealized electrode was
assumed to be available for each separate measurement.
At the time t = 0, the ISE was exposed to the sample solu-
tion containing an interfering ion j, and the emf values were
recorded as a function of t. The response data after well-
deﬁned measuring periods were ﬁnally evaluated, which
guarantees for an unbiased comparison of selectivity pat-
terns. This is in contrast to conventional experiments where
a complete series of measurements on diﬀerent samples is
carried out with the same ISE, without an intermediate
reconditioning or even replacement of the membrane. Vir-
tual experiments conforming to the latter conditions were
described earlier [23].
Fig. 2 shows calibration plots for several interfering ions
j that are preferred by the ISE over the primary ion
(Kij 1) but diﬀer in the thermodynamically deﬁned selec-
tivity coeﬃcient Kij. The studied selectivity measurements
conform to the ﬁxed-primary-ion method since a constant
0.1 M background of ions i was added to the sample solu-
tions. The emf values obtained from the computer simula-
tions for measuring periods of 2.5 min are compared with
theoretical curves plotted according to Eqs. (14) and (19).
Evidently, the theory is well capable of ﬁtting the results
of the virtual experiments for all examples. The ISE system
with Kij = 10
6 exhibits a super-nernstian response region
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Fig. 2. EMF response of an ISE to solutions of interfering ions with
Kij = 10
2, 104, and 106, respectively, after constant measuring periods of
2.5 min. The samples also contained a 0.1 M background of primary ions.
The points represent data from virtual experiments based on computer
simulations. The curves are results from calculations according to Eqs.
(14) and (19). The dotted line shows the nernstian response for Kij = 10
6.
The same parameters were used for all examples (see Section 3).
5centered at 104.5 M, which documents the transition
between the nearly thermodynamical selectivity character-
istics at >104 M and the simply permeability-controlled
non-selective behavior at <105 M [4,9,12,35]. The exact
position of the super-nernstian response region mainly
depends on the membrane parameters and can be drasti-
cally shifted for ISE conﬁgurations with built-in ion ﬂuxes
[26] (see also Appendix). Detailed explanations using sche-
matics that illustrate the underlying ion-ﬂux inﬂuences
have been presented earlier [2–4]. Analogous phenomena
are expected for the other two systems in Fig. 2, but the
eﬀects are here hidden because the samples contain high
levels of primary ions. Measurements on pure solutions
of interfering ions are reported later.
Fig. 3 summarizes results of selectivity studies that were
performed on the ISE system with Kij = 10
6 by using diﬀer--100
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Fig. 3. EMF response to interfering ions with Kij = 10
6 after measuring
periods of 2.5, 5, and 10 min, respectively. Data points from computer
simulations are compared with theoretical curves (for more details see
Fig. 2). The responses after 5 and 10 min were arbitrarily shifted by 50 and
100 mV, respectively.ent measuring periods. Both the virtual experiments and
the theoretical plots demonstrate that the range with
near-equilibrium selectivity behavior can be extended to
lower activities by simply increasing the measuring time
per sample. Thus, an increase from 2.5 to 10 min results
in a shift of the super-nernstian region of almost one dec-
ade on the activity scale. This is also documented in
Fig. 4 where calibration curves for measuring periods of
0.625–160 min are presented. It is expected that the achiev-
able eﬀects would even be magniﬁed when the measure-
ments on the samples from 0.1 M to 108 M are made in
one series, using the same ISE without any reconditioning.
Then the total time period during which the membrane is
exposed to solutions of the interfering ion increases from
sample to sample. Virtual experiments of this kind were
reported earlier and were found to yield hysteresis phenom-
ena depending on the direction of activity changes [23]. It
has to be pointed out that the time-dependent eﬀects shown
in Fig. 4 are in good agreement with results obtained in real
experiments [22].
Additional results on the time-dependent selectivity
characteristics of ISEs are presented in Fig. 5. It illustrates
the potential changes as a function of t after the replace-
ment of an initial solution of ions i by an equimolar pure
solution of the species j. Such time responses are given
for three systems that would exhibit an equilibrium selec-
tivity of Kij = 10, 10
2, and 103, respectively. These selectiv-
ity values are obviously established within a short time
period if the sample activities are suﬃciently high. On the
other hand, the measurements on the 105 M samples are
found to be far from the equilibrium response. In the early
stage, the small emf changes actually suggest an apparent
selectivity coeﬃcient of about unity. In Fig. 5 the data
obtained from the computer simulations are again com-
pared with curves calculated from the new theory. The the-
ory is evidently capable of nicely reconstructing the data
points, although the agreement is not perfect. The plotted-100
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Fig. 4. Calculated response curves from Eqs. (14) and (19) for interfering
ions with Kij = 10
6 after measuring periods of Dt = 0.625, 2.5, 10, 40, and
160 min, respectively. The total time of exposure of the ISE to interfering
ions was Dt for each sample. The dotted line shows the nernstian response
for Kij = 10
6.
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Fig. 5. EMF-time response after the replacement of primary ion solutions
by equimolar pure solutions of interfering ions. ISE systems with Kij = 10
(a), 102 (b), and 103 (c) were exposed to sample activities of 103, 104,
and 105 M, respectively. Data points from computer simulations are
compared with theoretical curves.
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Fig. 6. EMF response to interfering ions with Kij = 1, 10
2, and 104,
respectively, after constant measuring periods of 2.5 min. The samples also
contained a 107 M background of primary ions. Data points from
computer simulations are compared with theoretical curves (for details see
Fig. 2). The response for Kij = 1 is equivalent to the primary-ion response.
The dotted line shows the nernstian response for Kij = 10
4.
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Fig. 7. Calculated response curves for interfering ions with Kij = 10
2
after measuring periods of Dt = 0.625, 2.5, 10, 40, and 160 min, respec-
tively. The samples contained a 107 M background of primary ions.
Otherwise, the conditions are the same as in Fig. 4. The dotted line shows
the nernstian response for Kij = 10
2.
6curves reﬂect many details of the virtual experiments as for
instance the late steeper potential increase found for one
curve in Fig. 5c.
Fig. 6 shows calibration curves for ions j with Kij 1, as
determined in measurements of 2.5 min duration. The case
with Kij = 1, which can be identiﬁed with the primary-ion
response, is also included. For ions that are discriminatedby the ISE, the transition between the equilibrium and
the kinetic domains of ion selectivity obviously occurs in
a broad activity range where the slopes of the response
curves are reduced to about half of the nernstian slope
(see also [4,9,35]). This fact is evident from both the virtual
experiments and the theoretical plots, which attest an excel-
lent agreement. The sub-nernstian responses are in clear
contrast to the ones found in Figs. 2–4 for Kij 1. The
present results for Kij 1 document that selectivity coeﬃ-
cients near the hypothetical equilibrium values can be real-
ized only at the highest sample activities. At lower
activities, the selectivity behavior is usually far from the
thermodynamically controlled domain, unless the studied
ISE membrane has initially not been prepared with the
respective interfering ion j instead of the primary ion i
[36]. This holds at least for relatively short measurements.
The calculated curves in Fig. 7 illustrate that an enormous
7increase of the measuring periods would be needed for
really improving the selectivity characteristics at lower
activities. As a matter of fact, the inﬂuence of the measur-
ing time on the response curves is here much less pro-
nounced than in Fig. 4. It should also be noted that a
ﬁnal steady state is generally reached when the diﬀusion-
layer thickness dm(t) approaches the total membrane thick-
ness dm. In this case the present theory is still applicable-80
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Fig. 8. EMF–time response after the replacement of primary ion solutions
by equimolar pure solutions of interfering ions. ISE systems with
Kij = 10
1 (a), 102 (b), and 103 (c) were exposed to sample activities
of 1, 102, and 104 M, respectively. Data points from computer
simulations are compared with theoretical curves.after insertion of the steady-state condition dm(t) = dm in
Eq. (12).
Fig. 8 shows the potential vs. time response of ISEs to
pure solutions of interfering j ions with Kij 1. These
selectivity studies are analogous to the ones given before
in Fig. 5. Evidently, the present systems soon reach the
equilibrium response with a selectivity of Kij = 10
1,
102, and 103, respectively, if the sample activity is as high
as 1 M. For 102 M and especially for 104 M solutions,
the equilibration process is much slower and mimics an
apparent selectivity coeﬃcient that is intermediate between
the real Kij and unity. The simulated responses in Fig. 8 are
again compared with theoretical curves. The results attest a
good agreement between the theoretical curves and the
data points.5. Conclusions
A theoretical description of the time-dependent poten-
tial response of ISEs to sample solutions that contain pri-
mary and interfering ions was presented. The theory
permits it to approximately predict the variations in the
apparent ion-selectivity behavior as expected with increas-
ing measuring time. To demonstrate the applicability of the
theory, calculated response curves were compared with the
results of virtual experiments based on computer simula-
tions. A close and convincing agreement was achieved for
a large series of diﬀerent examples. An average standard
deviation of about 2 mV was realized in these studies,
which is fairly low in comparison with the whole covered
potential range of 700 mV. The results suggest that the
new theory can be successfully applied for general cases.
The present study conﬁrms that nearly unbiased selectivity
coeﬃcients can be determined only by relatively long mea-
surements at suﬃciently high activities of the studied ions.Appendix. Extension of the theory for membranes with
asymmetrical preconditioning modes
The treatment in Section 2 is restricted to membranes
that initially have a uniform ionic composition. In practice,
however, ISEs are often preconditioned with diﬀerent
aqueous solutions on both sides of the membrane. Hence
the initial molar fractions x0k;m of ions k on the membrane
surface exposed to the sample side will diﬀer from the
molar fractions xk;m on the inner surface. Accordingly, dif-
fusion ﬂuxes are also present in the initial steady state and
have to be considered as additional terms in the respective
Eq. (6)
Jk ¼ DmdmðtÞ x
0
k;m  x0k;m
 
Rtot=zk
þ Dm
dm
x0k;m  xk;m
 
Rtot=zk ðA:1Þ
where dm is the total membrane thickness, and dm(t) 6 dm
is the diﬀusion-layer thickness at the time t, as induced
8by the sample change at t = 0. We then obtain an extended
version of Eq. (11)
ak;aq  a0k;aq ¼ x0k;m  x0k;m
 
Dak;ex
þ x0k;m  xk;m
 
Dastk;ex ðA:2Þ
where Dak,ex is the time-dependent activity increment de-
ﬁned in Eq. (12), and Dastk;ex is the corresponding value
for the steady state, that is for dm(t) = dm
Dastk;ex ¼
Dmdaq
Dk;aqdm
ck;aq
Rtot
zk
¼ qk
Rtot
zk
ðA:3Þ
Eq. (A.2) can be combined with Eq. (3) to yield a general-
ized description of the potential response. The respective
result for systems with two ions i and j of the same charge
is ﬁnally given byWi ¼ 0:5 ai;aq þ Kijaj;aq
  Datot þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ0:25 ai;aq þ Kijaj;aq  Datot 2 þ KijDaj;ex ai;aq þ P ijaj;aq q ðA:4Þ
Datot ¼ Kijx0i;m þ P ijx0j;m
 
Daj;ex  Dastj;ex
 
þ Kijxi;m þ P ijxj;m
 
Dastj;ex ðA:5Þwhich diﬀers from Eq. (19) in the deﬁnition of the overall
activity increment Datot. Eq. (A.4) reduces to the former re-
sult for short times when it holds that Daj;ex  Dastj;ex. The
ﬁnal steady-state behavior for Daj;ex ¼ Dastj;ex is described
by an analogous expression where, however, the ionic com-
position at the inner membrane boundary becomes decisive
for Datot. Accordingly, the apparent selectivity behavior
after short periods depends on the preconditioning solution
on the sample side (inﬂuence of x0i;m and x
0
j;mÞ, whereas the
long-term selectivity more depends on the inner solution
(inﬂuence of xi;m and x

j;mÞ.Appropriate solution of the diﬀusion equations
An explicit solution of the diﬀusion equations for a two-
phase system with current-coupled ion ﬂuxes and non-lin-
ear interfacial distribution relationships is not available.
However, useful descriptions can be found for some special
cases.
Case I: This is the example of an ISE membrane contain-
ing primary ions that is exposed to a relatively
concentrated solution of interfering ions with
Kij 1. Since the original ions i at the membrane
surface are rapidly replaced by the new species j,
we can use the boundary conditions C0j;m ¼
C0j;m ¼ 0 for t < 0 and C0j;m ¼ Rtot for tP 0 as a
good approximation. The corresponding solution
of the diﬀusion equations leads to Eq. (A.1) for the
ﬂux of ions j into the membrane [27]J j ¼
DmC
0
j;mﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1Dmt
p with j1 ¼ p ðA:6Þwhere the symbols are the same as in Section 2,
and where j1 turns out to be the highest possible
value of j. Eq. (A.6) is analogous to the result for
the time-dependent diﬀusion ﬂux in the aqueous
phase from or to a conventional metal electrode
during a chronoamperometric experiment [28].Case II: In this case, the ISE membrane with primary ions
is exposed to a highly diluted solution of interfer-
ing ions with Kij 1. Here, the ion exchange at
membrane surface drastically reduces the interfa-
cial activity of ions j. Hence, from Eq. (10) with
a0j;aq ¼ 0, we obtain the boundary condition
Jj = const(t), which is valid at least for a short
time period. The corresponding solution for the
boundary concentration is C0j;m ¼ 2J j
pðt=pDmÞ
[27]. An analogous expression applies to the aque-ous boundary concentration at the surface of a
metal electrode at constant electrolysis current
in a chronopotentiometric experiment [28].
Finally, this leads to the relationshipJ j ¼
DmC
0
j;mﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j2Dmt
p with j2 ¼ 4=p ðA:7Þ
where j2 can be considered as the minimal value
of j.For more general cases, an intermediate situation
between the above limiting cases I and II may be encoun-
tered. It is therefore reasonable and appropriate to use
the geometrical mean of j1 and j2 as a common represen-
tative value for all virtual experiments
j ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃj1j2p ¼ 2 ðA:8Þ
This permits it to approximate the diﬀusion ﬂuxes and the
resulting eﬀects on the ISE response for a wide range of
experimental conditions.
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